Crystallization during the sedimentation process of a binary colloidal hard spheres mixture is explored by Brownian dynamics computer simulations. The two species are different in buoyant mass but have the same interaction diameter. Starting from a completely mixed system in a finite container, gravity is suddenly turned on, and the crystallization process in the sample is monitored. If the Peclet numbers of the two species are both not too large, crystalline layers are formed at the bottom of the cell. The composition of lighter particles in the sedimented crystal is non-monotonic in the altitude: it is first increasing, then decreasing, and then increasing again. If one Peclet number is large and the other is small, we observe the occurrence of a doubled heterogeneous crystal nucleation process. First, crystalline layers are formed at the bottom container wall which are separated from an amorphous sediment. At the amorphous-fluid interface, a secondary crystal nucleation of layers is identified. This doubled heterogeneous nucleation can be verified in real-space experiments on colloidal mixtures.
I. INTRODUCTION
If a colloidal suspensions settles under strong gravity, 1 the bottom layers are typically crystalline. [2] [3] [4] Gravity has, therefore, been used to grow large crystals, in particular on a patterned substrate 5, 6 which is used as a template for further crystallization. Much of recent attention has been devoted to study the crystallization process during sedimentation for hard spheres colloids, by experiments, 7, 8 density functional theory 2, 9 and computer simulation. 2-4, 10, 11 Using confocal microscopy, 12, 13 it is possible to resolve the crystallization process on the particle scale, such that a detailed comparison between theory and experiment is feasible and the microscopic mechanism can be revealed. 14 However, not much is known for the crystallization of colloidal mixtures under gravity. Sediments of binary charged mixtures are commonly used to determine the liquid-solid phase coexistence [15] [16] [17] and the colloidal templating technique has recently also applied to colloidal mixtures. 18 Recently, experiments on binary attractive colloids have revealed a wealth of crystallization and phase separation scenarios under gravity including novel zone formation. 19 However, most of the theoretical [20] [21] [22] [23] [24] and simulational 25, 26 studies for binary mixtures under gravity focus on a fluid sample.
Here, we study the crystallization of a binary mixture of hard spheres under gravity using Brownian dynamics computer simulations. The two species have the same diameter σ but differ in their buoyant masses (m 1 < m 2 ). Starting from a completely mixed system in a finite container, gravity is suddenly turned on, and the crystallization process in the sample is monitored. The strength of gravity is conveniently meaa) Electronic mail: elshad.allakhyarov@case.edu. 
where α = 1, 2, g denotes the gravity acceleration and K B T is the thermal energy. If both Peclet numbers are not too large, crystalline layers are formed at the bottom of the cell. As a result, we find that the composition of lighter particles in the sedimented crystal is non-monotonic in the altitude: it is first increasing, then decreasing and then increasing again, i.e., there is a marked depletion zone of light particles. If P e 1 is large and P e 2 is small, we observe the occurrence of a doubled heterogeneous crystal nucleation process. First, crystalline layers are formed at the bottom container wall which separated from an amorphous sediment. At the amorphousfluid interface, a secondary crystal nucleation of layers is identified. This doubled heterogeneous nucleation can be verified in real-space experiments on colloidal mixtures either in gravity or in a centrifuge or under light pressure. 27 Our results may also be of relevance for granulates 28 and dusty plasmas. 29 This paper is organized as follows: we discuss the model and its equilibrium properties in Sec. II, including a brief discussion of the special case of equal masses. Then, we present extensive results of our computer simulations relevant for three different regimes of Peclet numbers in Secs. III-V. Finally, we conclude in Sec. VI.
II. MODEL AND SIMULATION TECHNIQUES

A. The model
We consider the simplest nontrivial binary mixture, namely, an equimolar mixture of hard spheres with the same diameters but different masses. The advantage of this choice is that the equilibrium phases at vanishing gravity coincides with that of the simple hard sphere system. The latter is known and simple, 30 in contrast to hard sphere mixtures with different sizes where the equilibrium phase diagram is complex. 31 Nevertheless, under the action of gravity, there are nontrivial compositional effects in our model due to the different buoyant masses.
We consider a rectangular simulation box with dimensions L x , L y , and L z containing N/2 heavy particles with mass m 2 and N/2 light particles with mass m 1 . We denote the mass ratio as γ = m 2 /m 1 > 1. The system is started from an initial homogeneously mixed fluid configuration of volume
The packing parameter 0 and the length of the box L z define the areal density of particles (the number of particles per area of the orthogonal xy-plane)
There is a hard wall at the bottom of the sample at z = 0. Brownian dynamics is assumed to model the completely overdamped colloidal motion. Both species have the same friction constant, respectively to the same short-time diffusion coefficient D 0 .
B. Equilibrium phase diagram and equilibrium density profiles
Let us start with the equilibrium behaviour as a reference. First of all, for vanishing gravity (g = 0), the bulk equilibrium phase diagram is very closely related to that of a pure (monomass) hard sphere system, since the interaction and, therefore, the excess free energy are not affected by the second species. Hard spheres are athermal, hence temperature is just a trivial energy scaling such that the phase diagram of the mixture only depends on two variables which can conveniently be chosen as two chemical potentials μ 1 and μ 2 . A mono-mass system with indistinguishable spheres corresponds to μ 1 = μ 2 (diagonal line in Figure 1 ). At the chemical potential μ c of fluidcrystal coexistence, there is first-order phase transition from a fluid into an fcc-crystal. 32 Note that the equality of the two chemical potentials can also be interpreted as an equimolar mixture which constitutes the starting configuration of our simulations. Different chemical potentials imply different partial densities, i.e., compositions of the mixture different from 50%. Since the hard sphere bulk freezing does not depend on the labelling (or coloring) of particle species, there is a similar fluid-to-crystal transition away from the μ 1 = μ 2 diagonal. The full coexistence is sketched as a dashed (red) line in Figure 1 which separates a fluid mixture from a randomly occupied fcc crystal. Along the coexistence line, the composition changes without affecting the total density. Now we turn to a discussion of the equilibrium (coarsegrained) partial density profiles in gravity (g > 0). For weak gravity, far enough away from the bottom wall, it is known that raising the altitude z in a sediment corresponds exactly to a linear path in the μ 1 μ 2 -plane 23 the slope of which is given by the mass ratio γ and the offset can be controlled by the initial bulk chemical potentials. This can be readily derived from density functional theory in the grand-canonical ensemble. At Figure 1 . At the point where this line intersects the coexistence line, there is change in phase in the sediment from a crystal to a fluid. It is also important to note that along the linear path, both the total density and the relative composition of the heavy particles decrease monotonically in the height. Therefore, any increase in total density and any increase in composition of heavy particles contradict equilibrium principles. We strongly expect that these general features persist for arbitrary gravitational strength g > 0.
C. Non-equilibrium crystallization in a one-component (mono-mass) system under gravity
For γ = 1, we recover the special case of a onecomponent (mono-mass) system which was studied previously 11 using similar simulation techniques as applied here. Let us summarize the main results regarding the crystallization behaviour for the one-component hard sphere system. An initial homogeneous starting configuration of total height L z and volume fraction 0 was used with a hard bottom wall. A threshold value for the Peclet number P e c was found below which the system crystallizes almost completely. If the actual Peclet number is above P e c , the crystallization process is overtaken by the formation of an amorphous block such that the resulting phase sequence in the sediment is crystal/amorphous/fluid. The critical value P e c depends strongly on the initial volume fraction 0 but is only weakly depending on the areal density η A . For 0 = 0.1, P e c ≈ 2, and for 0 = 0.3, P e c ≈ 1. This behaviour was explained by a splitting of the crystalline-amorphous interface from the amorphous-liquid interface.
The crucial point from the one-component system is, therefore, the existence of a critical Peclet number P e c . Thus, for a mass-binary system one should distinguish among the following regimes:
Regime I: Both loads, P e 1 and P e 2 , are smaller than P e c . Regime II: P e 1 < P e c , whereas P e 2 > P e c . Regime III: Both loads, P e 1 and P e 2 , are larger than P e c .
We consider all these regimes explicitly in this paper.
D. Simulation and analysis
Following our previous work, 11 we use an adapted code for hard spheres 33 of diameter σ in our Brownian dynamics computer simulations, where the short-time infinite-dilution diffusion coefficient D 0 sets the Brownian time scale
A small time step of t = 0.001τ B was used in integrating the stochastic equations of motion. The simulation box contains 40 000 heavy and 40 000 light hard spheres and has a rectangular shape with dimensions L x = 40.8σ , L y = 43.2σ , and L z varied between 80σ and 240σ . Based on studies with a halved cross section of the simulation box, lateral system size effects are expected to be small. Several systems with a packing fraction 0 in the range 0.1 ≤ 0 ≤ 0.3 were explored. Simulations were carried out for η A = 45.4 chosen large enough to produce a crystal-fluid interface at a given gravitational strength P e. The gravity acceleration g points along the −z-direction. Periodic boundary conditions are employed in the x and y directions, while two hard walls are placed at z = 0 and z = L z . Next to the wall at z = 0, we place a triangular layer of fixed spheres with a lattice constant a = 1.133σ which acts as an initial template for crystal growth. 34 Without a template the crystallization happens in a few bottom layers containing small grains, large defects, and fault stackings. This strongly suppresses the formation and following upward propagation of a single-phase crystalline front along the sediment.
All simulations were started from an initial configuration with a homogeneous mixed distribution of colloids in the simulation box except the template particles in the seed layer next to the bottom wall. This mimics an initially stirred solution to which gravity is applied instantaneously. 13 A total simulation time of 500τ B was accessed during our simulations. We averaged our results over 20 different initial configurations in order to improve the statistics.
For subsequent times t, we calculated the laterally averaged one-particle partial packing fractions as
where α = 1, 2, and ρ α (x, y, z, t) is the local one-body partial density of particles at a given time t. Clearly, the total packing fraction is φ(z, t) = φ 1 (z, t) + φ 2 (z, t). We further identified "crystalline" particles with a crystal-like surrounding according to a commonly used criterion: 35 the local orientational-order parameter q 6 (i) is calculated for each particle i. 36, 37 When two particles i and j are separated by r ≤ 1.3σ , we associate a crystalline bond to these particles, if q 6 (i) · q 6 (j ) > 0.5. A particle which has at least 8 of these bonds is considered to be crystalline. All other particles are identified as "liquid-like" particles. The corresponding local packing fractions of crystalline particles n c (z, t) and liquid particles n l (z, t) are also calculated and give rise to a q 6 interface. We define the interface position z 0 (t) by the implicit condition n c (z 0 (t), t) = n l (z 0 (t), t), i.e., by the position where the fraction of crystalline particles equals that of the liquid-like particles. Accordingly, the propagation velocity of the solid-fluid interface is defined as v(t) = dz 0 (t)/dt.
III. RESULTS FOR REGIME I
In regime I (P e 1 < P e c , P e 2 < P e c ), we expect that a compositionally disordered crystal will nucleate and grow without entering into an amorphous glassy phase. However, what is a priori not clear is the change in composition as a function of height z and time t. Simulation data for the partial density profiles at the final time t = 500τ B are shown in Figure 2 for five different mass ratios γ ranging between 1 and 4. The mono-mass system where γ = 1 is given as a reference case (a). The local packing fractions of crystalline and liquid particles, n c (z) and n l (z), are also shown. The open squares denote the maximal height where the two partial density profiles of the heavy and light particles intersect each other φ 1 (z) = φ 2 (z). Clearly this height decreases with increasing γ at fixed P e 1 = 0.5. This matching point of the light and heavy particles is in the liquid phase at lower γ , whereas it is in the crystalline phase at higher γ . Strong peaks in the laterally averaged density profile indicate crystalline order which is a bit smeared due to defects and misorientations of the planes. A clearer indication for crystallinity is contained in profiles of n c (z) and n l (z). n l (z) is almost zero where peaks occur indicating that all particles in layers are crystalline. The q 6 -interface is clearly visible as the intersection point of n c (z) and n l (z). In Figure 2 (b) the profiles are similar to the mono-mass case shown in Figure 2 (a). Apart from a small dip, the composition of light particles increases with altitude z (see the open circles in Figure 2(b) ) which is the expected equilibrium trend. The dip becomes, however, much more pronounced for larger γ where a sharp drop to zero composition of light particles below the crystal-fluid interface is visible and a striking non-monotonic compositional behaviour shows up in Figures 2(d) and 2(e). This depletion zone of light particles below the q 6 -interface clearly contrasts equilibrium behaviour and, therefore, deserves more detailed analysis.
Before discussing the non-monotonic behaviour in more detail, we remark that the average distance between crystalline layers shrinks as a function of P e 2 : there were 24 layers within 0 < z < 20σ at P e 2 = 0.5, whereas there are 25 layers within the same range at P e 2 = 2 (see Figure 2 ). This has to do with the obvious fact that stronger gravity compresses the crystalline layers more. Figure 3 shows the time evolution of the density profiles at the largest mass ratio γ = 4, where the composition behaves anomalously. The following picture emerges: when the sedimentation starts from a homogeneously mixed state at a fluid volume fraction 0 , heavy particles tend to sediment faster to the bottom. They form the first crystalline layers at the bottom and exclude the lighter particles due to buoyancy. Therefore, the first few layers are mainly composed of heavy particles. When the light particles effectively float up, crystallization occurs which arrests them into cages where they remain frozen on the time scale of the simulation. This explains the increase in composition of the crystalline sediment with lighter particles. Further upwards in altitude, the crystallization front becomes slower and this gives the lighter particles the chance to float up more. Thereby light particles are replaced by heavy particles in the front of the slowly advancing crystal-liquid interface. There is even a formation of a few pure crystalline layers of heavy particles completely free from light particles. Further upwards in altitude, on the other hand, there are crystalline regions made by light particles alone. Figure 4 shows no depletion of light particles at t = 50τ B but the inverse at t = 100τ B . Figure 5 indicates that the number of light particles up to a height of z = 24 (marking approximately the end of the depletion zone) behaves non-monotonic in time, see also the inset in Figure 5 . This shows that the light particles are taken away from the depletion zone and are levitated to the upper layers of suspension due to the incoming mass of heavy particles. The depletion zone stops to develop once the interface passes through it, and the crystallization of the excess heavy particles freezes-in the whole structure.
The interface position z 0 (t) and its propagation speed v(t) are shown in Figure 6 . A comparison to the corresponding The inset shows in detail the nonlinear behaviour of light particle packing fraction φ 1 (t) for 25τ B < t < 100τ B . Filled circles in the inset correspond to simulation times at which a depletion zone in light particle densities develops.
results of a mono-mass system both for P e = P e 1 = 0.5 and P e = P e 2 = 2 reveals that the dynamics of the binary-mass system is mostly determined by the motion of the heavy particles. As expected, the formation of the depletion zone of light particles correlates with the drop of the interfacial velocity v(t) at time t/τ B ≈ 70, thus giving lighter particles more time to float up before their freezing process occurs.
In conclusion, we have shown that the compositional effects in a growing binary crystal front is highly nontrivial. A growing crystal-fluid interface freezes-in the structures. If this interface slows down, the separation process between heavy and light particles is getting time to develop and forms a depletion zone of light particles contrasting the monotonic behaviour in equilibrium profiles.
IV. RESULTS FOR REGIME II
In regime II (P e 1 < P e c , P e 2 > P e c ), the corresponding mono-mass system forms an amorphous sediment on top of few crystalline bottom layers. We still keep the lighter species away from this regime, i.e., P e 1 < P e c . Let us first discuss results for a special parameter selection, namely, P e 1 = 0.7, P e 2 = 1.4 at 0 = 0.3. For 0 = 0.3, P e c ≈ 1, and thus, both conditions P e 1 < P e c and P e 2 > P e c are fulfilled. Other parameter combinations are considered later. Figure 7 shows the time evolution of the partial density profiles. First, heterogeneous nucleation occurs at the patterned bottom wall similar as found in regime I. Then, after the formation of about 12 crystalline layers, an amorphous sediment is built, as clearly signalled by the high number of liquid-like particles and the simultaneous loss of crystal-like particles. The crystalline-amorphous interface gets quickly stuck in time but the amorphous-fluid interface is still growing. The latter is defined by the intersection point of the total packing fraction profile with the freezing packing fraction 0.492 (Ref. 38) and is indicated by a vertical arrow in Figure 7 . At larger times, the amorphous-fluid interface stops : binary mass system with P e 1 = 0.5, P e 2 = 2, 0 = 0.1, and γ = 4. Line with triangles (black in online): mono-mass system with P e = 0.5, and 0 = 0.1. Line with squares (blue in online): mono-mass system with P e = 2, and 0 = 0.1. In (a), the dashed horizontal line C (green in online) corresponds to the distance at which a depletion zone in the local density of light particles φ 1 (z) has a minimum. The arrows A and B in (a) point to the time window within which a depletion zone develops; see also filled circles in (a) and (b).
to grow, too, but slightly below its position a significant portion of crystal is emerging. This secondary heterogeneous nucleation at the amorphous-fluid interface is clearly signalled by the peak in the crystalline particles n c (z) at large times with a concomitant decrease in the liquid-like particles n l (z) (see the inset of Figure 7(a) ). Though there is no clear lateral layering due to lattice misorientation with respect to the gravity normal such that there are no peaks in the partial density profiles, the peak in n c (z) unambiguously proves crystalline order. For the parameters shown in Figure 7 , the emerging crystal is mainly composed of heavy particles. Therefore, we found a doubled heterogeneous nucleation: first it happens at the bottom wall and then below the amorphous-liquid interface.
The structure of the emerging secondary crystal is best shown in simulation snapshots. Figure 8 Figure 8 (b) just shows the crystalline heavy particles alone which are preferentially lower than the crystalline light particles but exhibit the same qualitative behaviour as in Figure 8(a) . The situation changes at larger times, a snapshot for t/τ B = 160 is presented in Figure 9 . Again, only the crystalline particles are shown. The xyz side view in Figure 9 (a) clearly reveals two separated crystalline parts of the sediment, the lower one stems from the first heterogeneous nucleation and the other originates from a secondary heterogeneous nucleation. The xz side view in Figure 9 (b) also shows that the layering is much more developed in the lower crystalline part of the sediment. Various crystalline patches with different orientations become visible in the upper part of the crystalline sediment.
We now plot the interface position z 0 (t) and its propagation speed v(t) in Figure 10 . As in regime I, a comparison with the two pure (mono-mass) systems shows that the dynamics of the binary-mass system is dominated by the motion of heavy particles. The sharp drop in the q 6 interfacial velocity occurs much earlier (at t/τ B ≈ 10) than the arrest of the amorphous-fluid interface (at t/τ B ≈ 200).
Finally, we have made sure that the secondary heterogeneous nucleation occurs in a broad range of parameters by examining other parameter combinations. The results of the final partial density profiles are presented in Figures 11  and 12 . Figure 11 shows density profiles at the same initial volume fraction 0 = 0.3 but for two further combinations of Peclet numbers with fixed mass ratio γ = 2. The same scenario of doubled crystalline nucleation occurs albeit the crystalline portion is getting smaller with increasing Peclet number. Also the amorphous-liquid interface shifts to larger heights. This implies that the higher the Peclet number the less fluctuations are close to the amorphous-fluid interface which favor heterogeneous crystal nucleation. Always the secondary crystal formed is mainly composed of heavier particles. Figure 12 shows four further parameter combinations, now with fixed 0 = 0.1 and γ = 4. Again a secondary crystalline part is found. Here, it is composed almost exclusively by the light particles.
Concluding this section, we have found a doubled heterogeneous crystal nucleation. The secondary nucleation occurs close to the amorphous-fluid interface. Qualitatively, the occurrence of secondary crystallization can be understood in the limit of large mass disparity (γ 1). Then, the dynamics of the two species is completely decoupled. First the first species nucleates at the bottom wall and forms a sharp crystalline sediment. Once sedimentation of the first species is finished, the   FIG. 8. 3D picture of simulation box for system parameters P e 1 = 0.7, P e 2 = 1.4, 0 = 0.3, γ = 2, t = 20τ B . Shown are all crystalline particles (a) and only the heavy crystalline particles with mass m 2 (b). Different particle shadings attribute to different particle altitudes: balls with darker shading (blue in online) are close, and balls with lighter shading (red in online) are the farthest away from the bottom of the box. Axis dimensions are given in particle diameter σ . light particles form their own crystalline sediment on top of the interface made by the heavy particles. Though this simple picture helps to explain secondary nucleation qualitatively, our simulation data show that even for small disparities, secondary nucleation is persistent. From this perspective it is also interesting that the secondary crystal for = 0.3 was mainly composed of heavy particles different than in the simple picture above working at large disparities.
V. RESULTS FOR REGIME III
Regime III finally is defined by P e 1 > P e c and P e 2 > P e c . Two examples for the resulting sediment in this regime are shown in Figure 13 for (a) 0 = 0.3, γ = 2, P e 1 = 2, P e 2 = 4, and (b) 0 = 0.1, γ = 4, P e 1 = 3, P e 2 = 12.
There is only a remnant of the secondary crystalline part indicated by a small maximum in the n c (z)-profile. The very strong gravity, thus, quickly freezes-in everything and only allows for a slight crystalline structure at the amorphous-fluid interface. The position of this crystalline remnant shifts to higher altitudes, if the Peclet numbers are increased. This trend becomes apparent when Figure 13 (a) is compared to Figure 13 (b). More importantly, in Figure 13(b) , the larger relative difference in the two Peclet numbers leads to a stronger separation in light and heavy particles. This explains why the crystalline remnant shown in Figure 13 
VI. CONCLUSION
In conclusion, we have explored the crystallization dynamics in a simple binary-mass hard sphere mixture during sedimentation from an initially homogeneously mixed sample. Extensive Brownian dynamics computer simulations were used to identify the crystalline part of the sediment and the corresponding interfaces between crystalline, amorphous, and fluid parts. The strength of gravity is characterized by the Peclet numbers of the two species P e 1 and P e 2 . If both Peclet numbers are smaller than the amorphization threshold P e c of the mono-mass system, there is a propagating crystal-fluid front but the composition of the lighter particle in the crystal is non-monotonic contradicting equilibrium properties. If one Peclet number is larger and the other is smaller than P e c , we observe a doubled heterogeneous crystal nucleation. The crystal first nucleates at the bottom of the sample and contains preferentially the heavy particles. Then, an amorphous sediment is formed above this crystal and finally on top of the amorphous sediment heterogeneous crystal nucleation occurs again. During this secondary crystallization process, a crystal is formed again which can contain both the heavy and light particles.
A doubled heterogeneous crystallization occurs also in other systems. One famous example is a peritectic grown from a mixture where first a phase A nucleates heterogeneously which is growing into the solution. On top of the emerging interface a second heterogeneous nucleation occurs for another B phase. 40 In this case, the interactions in the mixture are, however, more complicated and gravity is typically absent. Therefore, this does not exactly match our scenario of doubled heterogeneous crystal nucleation.
Our predictions are in principle verifiable in real-space experiment of sterically stabilized colloids. 35 Different buoyant masses can be obtained by using core-shell particles with different weights of the cores. The results have also have relevance for binary granulates 41 and dusty plasmas 29, 42 where similar real-space studies are possible. The crystallization in mass-bidisperse systems under gravity has recently also explored for shaken granular matter (see Ref. 43) . Future investigations should address the following points: first of all, the hydrodynamic interactions mediated by the solvent should be taken into account explicitly in the computer simulation. [44] [45] [46] Then, different hard sphere diameters should be considered, they will lead to much more complicated crystallites in the bulk, 31 and it is expected that this will produce even more complex crystallization scenarios. Another variant of our model is one with negative masses. In a solvent, even the case m 1 = −m 2 > 0 could be realized. This model has received considerable attention for periodic boundary conditions in all three directions and is useful to detect laning of oppositely driven particles. 47, 48 The crystallization behaviour has also been explored 49 but not yet in a finite system with an impenetrable bottom wall. Third, long-ranged repulsive interactions (such as pair Yukawa interactions relevant for charged colloids 50 ) should be considered which lead to stable bcc bulk crystals. Fourth, a non-zero switching time for the onset of gravity should deserve future considerations. Next attractive interactions need more exploration in gravity regarding their gelation and phase separation kinetics. 19 Finally, the influence of different patterns at the bottom wall should be studied more regarding their effect on the growing crystalline structure. 51, 52 
